
GCE Mathematics, A2 Unit 3 Pure Mathematics B
Topic 3.1 - Proof

Real numbers - Examples of real numbers 

are 5, -3, 0, 2.37, 
1

3
, π and √3. Infinity (∞) and 

the square root of any negative number 
are NOT real numbers.

Rational numbers - Rational numbers are 
numbers that can be expressed in the form 
a/b, where a,b are integers and b ≠ 0.

Irrational numbers - Irrational numbers 
are numbers that cannot be expressed 
as the ratio of two numbers. Examples of 
irrational numbers are π and √3. There is 
no pattern or repetition in the digits after 
the decimal point.

Integers - Integers are the set of numbers 
which include all the positive and negative 
whole numbers and zero.

Prime numbers - A prime number is a 
number greater than one that has only 
two factors, 1 and itself. The first five prime 
numbers are 2, 3, 5, 7 and 11. 4 is not a 
prime number as it has more than two 
factors.

Proof by contradiction

To prove a mathematical proposition by contradiction, the assumption at the beginning should 
be the opposite of what we want to prove. The aim is then to arrive at a contradiction, i.e. to show 
that the assumption at the beginning cannot be true because subsequent statements within the 
proof contradict earlier statements.

Example: Prove by contradiction the following proposition.

When x is real and positive,

9x + 
4
x

 ≥ 12

Solution: We assume that there is a real and positive value of x such that

9x + 
4
x

 < 12

Multiply both sides by x: 9x2 + 4 < 12x

Rearrange: 9x2 - 12x + 4 < 0

Factorise: (3x - 2)(3x - 2) < 0

Repeated root: (3x - 2)2 < 0

There are no real values of x such that (3x - 2)2 is a negative number and this is the contradiction, 
since the assumption at the beginning is that x is real (and positive). So it must be true that

9x + 
4
x

 ≥ 12, for all real and positive values of x.

Proof of the irrationality of √2

We assume that √2 is rational and, therefore, can be expressed in the form 
a
b, where a, b are 

integers that have no common factors.

If √2 = 
a
b, then squaring both sides we get 2 = 

a2

b2 .

Rearranging we have 2b2 = a2. This means that a2 has a factor of 2 and, therefore, a must have a 
factor of 2. This means that a = 2c, where c is a real number. Replacing a in the equation, we have

2b2 = (2c)2 => 2b2 = 4c2 => b2 = 2c2

This means that b2 has a factor of 2 and therefore b must have a factor of 2. So both a, b have a 
common factor of 2. This is a contradiction. Therefore, √2 is irrational.

Proof of infinity of primes

Proposition: There is an infinite number of 
prime numbers.

Proof: Assume there are a finite number 
of prime numbers p1, p2, p3, ... pn. When we 
multiply all these prime numbers together 
and add one, we get a new number which 
we can call q. The new number, q, can 
either be a prime or not a prime.

If q is a prime, then this is a contradiction.

If q is not a prime, then it will have a factor 
which is not a prime number in our list. 
Again, this is a contradiction.

Therefore, the original assumption 
that there are a finite number of prime 
numbers p1, p2, p3, ... pn does not hold true, 
and there is an infinite number of prime 
numbers.

Other proofs

There are other proofs included in Unit 3, 
such as trigonometric proofs, arithmetic 
series and geometric series proofs, and 
differentiation from first principles for sin x 
and cos x. Remember that full credit will 
only be given for correct mathematical 
notation throughout the proof.


